In the symmetron mechanism, the fifth force mediated by a coupled scalar field (the symmetron) is suppressed in high-density regions due to the restoration of symmetry in the symmetron potential. In this paper we study the background cosmology and large scale structure formation in the linear perturbation regime of the symmetron model. Analytic solutions to the symmetron in the cosmological background are found, which agree well with numerical results. We discuss the effect of the symmetron perturbation on the growth of matter perturbation, in particular the implications of the brief period of tachyonic instability caused by the negative mass-squared of the symmetron during symmetry breaking. Our analysis and numerical results show that this instability has only very small effects on the growth of structures on sub-horizon scales, and even at horizon scales its influence is not as drastic as naively expected. The symmetron fifth force in the non-tachyonic regime does affect the formation of structure in a nontrivial way which could be cosmologically observable.
In the symmetron mechanism, the fifth force mediated by a coupled scalar field (the symmetron) is suppressed in high-density regions due to the restoration of symmetry in the symmetron potential. In this paper we study the background cosmology and large scale structure formation in the linear perturbation regime of the symmetron model. Analytic solutions to the symmetron in the cosmological background are found, which agree well with numerical results. We discuss the effect of the symmetron perturbation on the growth of matter perturbation, in particular the implications of the brief period of tachyonic instability caused by the negative mass-squared of the symmetron during symmetry breaking. Our analysis and numerical results show that this instability has only very small effects on the growth of structures on sub-horizon scales, and even at horizon scales its influence is not as drastic as naively expected. The symmetron fifth force in the non-tachyonic regime does affect the formation of structure in a nontrivial way which could be cosmologically observable.
I. INTRODUCTION
Scalar fields coupled to matter are generic predictions of many theories of high energy physics. In recent years, this idea has attracted a lot of attention in the context of dark energy [1] , which is believed to be a scalar field or one of its variants [2] [3] [4] [5] [6] . However, it is well known that if a scalar field couples to matter or curvature then a scalar fifth force and a modification to the gravitational law could result. Such new physics has been strongly constrained by local gravity experiments and solar system tests, so that fifth forces and modifications of gravity must been either very short-ranged or very weak, or both. If this is true, then the effect of the scalar field is mainly to drive the accelerating expansion of the Universe, such as in the quintessence model [2] .
More cosmologically interesting models could be built if the fifth force or modification to the standard Einstein gravity is only weak and/or short ranged where local experiments are performed, such as in our Solar system where matter density is high and gravity is strong, but could become strong (of gravitational strength) and long-ranged elsewhere. Over the past few years, several models have been proposed to realise this, including the chameleon model [7] [8] [9] [10] [11] [12] [13] , the environmentally-dependent dilaton model [14, 15] , the DGP model [16] , the galileon model [17] [18] [19] [20] and the symmetron model [21, 24, 26] .
Although all these models predict strong environmental dependence of the fifth force, they work in very dif-ferent ways. In the chameleon model, for example, the fifth force is suppressed exponentially in high density regions where the scalar field acquires a heavy mass via its coupling to matter. The environmentally dependent dilaton model, on the other hand, drives the scalar field to some critical value φ c in high density regions, which corresponds to a vanishing coupling and therefore vanishing fifth force (though the mass of the scalar field depends on the local matter density as well in this model).
The symmetron model, which is the topic of this work, relies on a similar mechanism to suppress the fifth force in high density regions. Here, when the matter density is high enough, the effective potential of the scalar field has a global minimum at the origin, which corresponds to a vanishing coupling to matter. When matter density drops below some critical value, the symmetry in the effective potential is broken and two local minima develop and move away from the origin, corresponding to a nonzero coupling to matter and thus a non-vanishing fifth force. If later the matter density inside a region becomes high again due to the structure formation process (such as in galaxies and galaxy clusters), the symmetry of the effective potential could be restored and the fifth force vanishes again for that region.
Local experiments could constrain the parameters of the symmetron model. Interestingly, in this constrained parameter space, there are still models which could deviate from the standard ΛCDM cosmology on large scales. The cosmological observables, in particular those relevant for the large scale structure formation, can thus provide valuable information about the symmetron, such as whether it exists, what its observational signatures are, how to differentiate it from other models, etc. In this work, we shall concentrate on the structure formation of the symmetron model in the linear perturbation regime, and show how the symmetron can affect the large scale structure of the Universe. This paper is arranged as follows: we first briefly overview the symmetron model and how the local tests constrain its parameters in Sects. II A and II B, followed by analytical and numerical study of the background cosmology in the model (Sect. II C) and a short description of the tachyonic period, during which the scalar field has a negative mass-squared (Sect. II D). Then in Sect. III we study the general behaviour of the linear perturbations in this model, where we show that the fifth force essentially enhances gravity within its range (given by the comoving Compton length of the symmetron field) and keeps standard gravity unmodified beyond that range. We also show that the tachyonic instability does not affect the structure formation significantly on sub-horizon scales. In Sect. IV we give some numerical results of the large scale structure formation and show that significant deviations from the ΛCDM paradigm can be found, which make the model cosmological interesting. We summarise and conclude in Sect. V. Throughout this paper we shall adopt c = = 1 and the metric convention (−, +, +, +).
II. SYMMETRON DYNAMICS
A. The symmetron Scalar-tensor theories are characterised by their coupling to matter and their interaction potential. In such a context, the symmetron model was proposed in [21, 24] and is described by the action:
where φ is the scalar field and V (φ) its potential, S m ≡ S m Ψ i ,g µν the matter action with Ψ i the matter fields which are minimally coupled to the Jordan frame metric g µν = A 2 (φ)g µν ; g µν is the Einstein frame metric, which is used to compute the Ricci scalar R; κ = 8πG = m
−2 pl
where G is Newton's constant and m pl the reduced Planck mass.
For the symmetron model, the interaction potential and the coupling function are simply chosen such that
in which V 0 is a cosmological constant and has mass dimension 4, µ and M have mass dimension one and λ is a dimensionless model parameter. We shall see that V 0 is needed to explain the recently observed accelerating expansion of the Universe, but being a constant it bears no influence on the dynamics of the symmetron field. Note that the potential has two nontrivial minima while the coupling function is monotonously increasing.
The field equations are obtained by varying the action S with respect to the symmetron field φ, and we have
where we have defined the Jordan frame energy momentum tensorT µν that is related to the Einstein frame one by T µ ν = A 3 (φ)T µρg ρν . Note that we raise and lower the indices of T µ ν using the Einstein frame metric, g µν . With this definition, the field equation for φ and the Einstein equations become
in which the symmetron field is governed by an effective potential
and the total energy momentum is given by
which satisfies the following conservation equation
Note that this implies that for pressureless matter with T µν = ρu µ u ν with u µ a 4-velocity (u µ u ν = −1), we have −T = ρ m and ρ m is conserved independently of φ:
As is the usual practice, we define the effective mass of the symmetron field by
where we have used the fact that, from the above equations, the effective potential can be rewritten as
Hence, in the symmetron model, as long as ρ m is high enough, namely ρ m ≥ ρ ⋆ where
the minimum of the effective potential is at the origin (φ = 0). In contrast, in vacuum, the symmetry is broken and the potential has two nonzero minima:
and correspondingly set the interaction range of the symmetron to be ∼ O m −1 (φ 0 ) . This also determines the self coupling [21] 
It is then crucial to have an estimate for M . This follows from the study of solar system tests. Let us consider a spherical object of density ρ and radius R. The static solutions for the field profile are obtained solving
It is convenient to simplify this equation by separating two regions with different behaviours [21] 
and
where one assumes that the density vanishes at infinity and outside the body. The solutions read
Defining the modified Newton potential at the body's surfaceα
and the ratio of the size of the sphere to the range of the symmetron interactionβ
we find that
Notice thatα ≫β 2 as long as ρ ≫ ρ ⋆ . There are two types of solutions depending on the values ofα. Wheñ α ≪ 1 we have
The scalar force acting on a test mass outside the sphere is
when the Newtonian force is
This implies that the scalar force is not screened. On the other hand whenα ≫ 1 we have
The scalar force is now
hence
leading to a large screening of the scalar force. Phenomenologically, one must impose that in our galaxyα G ≫ 1. Imposing at leastα G 10 and upon using Φ G ∼ 10 −6 , one gets M 10 −3 m P l or equivalently
This implies that φ⋆ M 10 −3 . The range of the symmetron in vacuum is given by µ −1
which corresponds to relevant scales for astrophysics. We will come back to this point later. If M ≈ 10 −3 m P l then the scalar field is just about screened by the sun as Φ ⊙ ∼ 10 −6 ⇒ α ⊙ ≈ 10. On the other hand, the earth is not screened as Φ ⊕ ∼ 10 −9 and α ⊕ ≈ 10 −2 . What matters then for solar system tests is the value of the field in the galaxy:
The most stringent constraint in the solar system is the Cassini bound |γ−1| 10 −5 on the Eddington parameter γ [22] . In the Einstein frame, the metric is expressed as
while the one that particles follow is the Jordan frame metricg
from which we have [21] 
Denoting by z ⋆ the moment when the symmetron potential becomes unstable at the origin, we have
Fixing for instance α G ≈ 600 and M ≈ 10 −4 m P l while using for the galaxyβ ∼ 4 × 10
we get a bound on admissible z ⋆ 20 to evade the Cassini bound |γ − 1| ≤ 10 −5 .
C. Cosmological evolution
We are interested in the symmetron evolution during the matter dominated era, when the symmetron potential is negligible compared to the matter density ρ m . This can be seen by evaluating the value of the potential at its absolute minimum in vacuum φ ⋆ as the potential at the effective minimum is monotonously decreasing with
which is always 10
is also approximately equal to one. The Friedmann equation is then to a high precision
in the matter dominated era. A full picture of the time evolution of the reduced symmetron field ϕ ≡ φ/φ ⋆ is shown in Fig. 1 , and we can see that after the symmetron breaking at x(≡ t/t ⋆ ) = 1 the symmetron deviates from zero, and finally starts to oscillate around the moving minimum of the effective potential (V eff ). The detailed evolution of ϕ is of course more complicated, but still understandable analytically in certain limits, as we shall show now.
Let us denote by t ⋆ the instant when ρ m = ρ ⋆ and a ⋆ the corresponding scale factor. The scalar field equation of motion reads noẅ
which can be cast in a dimensionless fashion by defining κ = µt ⋆ in addition to the ϕ and x defined above, where we have the limit
The dimensionless version of the symmetron equation of motion is then given by
where
Before the curvature at the origin changes its sign, the symmetron oscillates about the origin φ = 0, which is then the minimum of the effective potential. Assuming that the initial amplitude is small, the symmetron equation of motion simplifies to
The solutions read
The time evolution of the background symmetron field ϕ = φ/φ⋆, in which the parameters are chosen as κ = 4 × 10 3 , z⋆ ≡ z(t⋆) = 3 and α⋆ = 1. Note that immediately after the symmetry breaking, i.e., x = 1, ϕ grows exponentially but then quickly begins to oscillate. The oscillation is around the minimum of the effective symmetron potential V eff (φ). Note also that −ϕ is also a possible branch of solution but it gives nothing new.
≈ κ, a 1 and b 2 are constants of integration which could be determined by the initial conditions. As long as x ≪ 1 we can expand
The upper left panel of Fig. 2 shows a numerical example of the evolution of ϕ with respect to x for x < 1 (t < t ⋆ ), from which we can see the oscillation around the global minimum of V eff (φ): φ = 0. After the change of curvature, the field rolls away from the origin and lags behind the minimum of the effective potential. The minima of the effective potential are at
Before reaching one of the minima and oscillating around it, the symmetron field will first linger around the origin before following the inflection point where the curvature of the effective potential vanishes and then settling down to that new minimum. At the inflection point the field is close to
dφ 2 = 0, and in deriving this equation we have used the facts that ρ m a 3 = ρ ⋆ a 3 ⋆ (conservation of matter) and that in the matter dominated era a ∝ t 2/3 . At this time, the first derivative of the symmetron effective potential becomes
The symmetron equation of motion becomes then
the solutions of which are
where a 2 and b 2 are again constants of integration which depend on the initial conditions. The upper right panel of Fig. 2 shows the comparison of the numerical solution with the above analytic approximation (51) , where we can see that for small x just over 1 the agreement is very good. In the lower left panel of the same figure, one shows the short period of time when the symmetron tracks the inflection point (56) before reaching the moving minimum.
In a third phase, the symmetron field catches up with the minimum of its effective potential. Let us define ψ = FIG. 2. The numerical results and analytic approximations for the background evolution of ϕ = φ/φ⋆ in different stages, for which the model parameters are chosen as κ = 4 × 10 3 , z⋆ ≡ z(t⋆) = 3 and α⋆ = 1. The initial condition for the symmetron is chosen as ϕ(zeq) = 10 −2 . Upper left panel: the numerical oscillation solution to ϕ before the symmetry breaking, i.e., when x < 1 or equally t < t⋆. Upper right panel: the numerical (red curve) and analytic (green curve) solutions to ϕ immediately after the symmetry breaking, when the scalar field lags behind the minimum of its effective potential V eff . Lower left panel:
The analytical (green curve) and numerical (red curve) solutions when the symmetron tracks the inflection point. Lower right panel: the numerical (red curve) and analytic (green curve) solutions to ϕ after the scalar field settles down to the minimum of V eff and starts to oscillates about it. a 3 2 φ which satisfies
Around the minimum of the effective potential,
pared to the period of the oscillation is given by:
which is small whenṁ m 2 ≪ 1, a condition satisfied when
, i.e., large enough x. The solution for large enough x is then given by
H (t) = t and a 3 and b 3 are constants of integration which depend on the initial conditions.
A better solution can be obtained by taking into account the forcing term whose characteristic time is τ =
. The forcing term is slowly varying when
and is indeed small when the period is slowly varying. In this case, a better approximation is given by
where the forcing term rapidly becomes negligible. The lower right panel of Fig. 2 shows the analytic and numerical solutions for this stage; note the drift in the period of the oscillation due to the fact that close to x = 1 the ratioṁ/m 2 is not negligible.
D. Tachyonic instability
The mass-squared of the symmetron field is briefly negative when the symmetron lags behind the minimum of its effective potential. Defining
in which t f is the time when the symmetron field settles down to the effective potential minimum, one could estimate ∆t/t ⋆ . In the case for κ = 10 3 , a good approximation for the time spent in the tachyonic regime can be numerically fitted as
As it stands, this tachyonic period is extremely short (see the discussion below). We will see shortly that the effect of the negative mass-squared is only relevant on large enough scales for cosmological perturbations, and even for those large scales it is quite insignificant.
III. LINEAR PERTURBATIONS
A. Growth of structure
We will now be interested in the growth of linear perturbations in the matter dominated era, and for that we work in the Newtonian gauge where the perturbed metric in the absence of any anisotropic stress is given by
where Φ N represents the Newtonian potential. For simplicity let us assume that matter comprises a single fluid of pressureless particles with the energy momentum tensorT µ ν = Aρu µ u ν , ρ being the conserved energy density and u µ the four-velocity of the matter particles. In general the conservation equation reads
where τ is the proper time along the particle trajectories. The local Hubble expansion rate is defined as 3h ≡ ∇ µ u µ . The perturbed conservation equation is theṅ
The Euler equation in terms of the divergence θ ≡ ∇ · u of the velocity field becomes herė
which is modified by the presence of the symmetron field as indicated by the last term on the left-hand side. Similarly, the modified Poisson equation now involves the perturbation of the Einstein frame matter (and scalar field) densityρ = A(φ)ρ and reads
which becomes in Fourier space when
The scalar field equation of motion is expressed as
From the above equations one can derive a second order differential equation for δ = δρ ρ , with the coupling to the scalar field taken into account:
where have defined β ≡ α φ m pl .
B. Adiabatic approximation
We have seen above that the symmetron field lags behind the minimum of its effective potential for a very brief period when the mass-squared m 2 (φ) < 0. In such a tachyonic phase, the perturbation δφ grows exponentially for modes such that
as can be seen from Eq. (67). At the time of symmetry breaking, the effective mass-squared vanishes and then decreases to a fraction of −µ 2 before increasing to its value at the effective potential minimum. Clearly larger-scale modes, for which k is smaller, are easily in the tachyonic regime; as µ is much larger than the Hubble expansion rate today, some of the tachyonic modes could indeed be sub-horizon (big k) and this could possibly influence the growth of large-scale structure on sub-horizon scales.
Outside the tachyonic regime, the evolution equation of the symmetron perturbation is sourced by the matter perturbation. Assuming that the symmetron field tracks the effective potential minimum, i.e., for non-tachyonic modes and neglecting the short period during which the symmetron field lags behind the minimum, its equation of motion in the sub-horizon limit becomes
where the time derivatives are much smaller than the spatial derivatives in the sub-horizon limit and thus are neglected. From this equation the symmetron field perturbation can be solved as
which shows that the symmetron field perturbations tracks that of the matter density. This in turn implies that matter perturbation well within the horizon grows according tö
Therefore, in this adiabatic approximation valid for nontachyonic modes and neglecting the interval of time when the symmetron lags behind the minimum, we find that gravity is modified according to the comoving Compton radius am with an amplitude depending on α. Structures on scales outside the Compton radius grow as in GR δ ∼ a while those on scales inside the Compton radius have a modified growth due to the renormalised Newton constant
We will see in the following that this result is hardly modified by the tachyonic instablity.
C. Tachyonic instability
As mentioned earlier, if the mass-squared of the symmetron field m 2 (φ) becomes negative (see Fig. 3 ), then the perturbation will undergo an unstable growth which could be problematic in some cases. We have also seen that such tachyonic instability problem is most likely to plague the large-scale (small k) modes. The purpose of this subsection is to assess how big the impact it could have on the growth of matter perturbations. FIG. 3 . The evolution of the mass-squared of the symmetron, from which we can see that for a short period immediately after the symmetry breaking (x = 1) the mass-squared becomes negative and the symmetron field and its perturbation experience tachyonic instabilities.
We are interested in modes which enter the horizon after matter-radiation equality and before the tachyonic instability happens. Normalising a ⋆ = 1, this corresponds to
The tachyonic modes can be conveniently studied using the reduced symmetron perturbation δϕ ≡ δφ φ ⋆ and the parameters
Keeping terms in ω 2 (or β), neglecting terms in ω 4 (or β 2 ), and considering that the variations in both ϕ and δϕ are very rapid in the tachyonic period, the growth equation simplifies to
in the sub-horizon limit for the tachyonic modes. Notice that in the absence of the rapid variation of δϕ due to the tachyonic instability, this equation reduces to the growth equation in GR. Definingδ ≡ x 2 3 δ, the growth equation becomes
the solutions of which arẽ
where α 1 and β 1 are integration constants, and x k is the value of x when the k-mode under consideration enters the horizon. As a result,
Integrating by parts (ϕδϕ) ′ (s)
At the horizon crossing the symmetron perturbations are taken to vanish, as during inflation the mass of the symmetron is much larger than the Hubble expansion rate. This implies that the initial conditions for the symmetron perturbation are
where t k is the horizon-entry time for the mode k
Using the fact that the tachyonic growth starts at x = 1, we have (ϕδϕ)
The variation of ϕδϕ is much faster than the other terms in this integral, so that the terms in the brackets could be absorbed into the derivative with respect to x, and the integrand becomes a total derivative. This implies that the growth factor behaves like
As structures grow anomalously due to the tachyonic instability, we define the deviation from the normal growth as
When x > 1, this becomes (remember that we have normalised a ⋆ = 1)
ϕδϕ(x) = − 9 2
Our numerical and analytic solutions to ∆ are shown in the lower left panel of Fig. 4 , and the agreement is very good. To see how big an impact the tachyonic instability could have on the growth of matter density perturbation, let us consider the quantity
The numerical results and analytic approximations for the perturbation evolution in the symmetron model, for which the model parameters are chosen as κ = 4 × 10 3 , z⋆ ≡ z(t⋆) = 3 and α⋆ = 1. The initial condition is chosen as ϕ(zeq) = 10 −2 . Upper left panel: analytic (green curve) and numerical (red curve) solutions to the symmetron perturbation δϕ ≡ δφ/φ⋆; note the excellent agreement between the two. Upper right panel: the time evolution of ϕ (green curve) compared to that of δϕ; note that |δϕ| is always smaller than ϕ, and does not blow up exponentially. Lower left panel: the analytic (green curve) and numerical (red curve) solutions to the ∆ defined in the text; note the excellent agreement between the two. Lower right panel: the ratio ∆/δ which is much less than unity, showing that the correction to the growth of matter perturbation due to the tachyonic instability is negligible.
During the brief period of tachyonic instability, not
only δφ but also the symmetron field φ itself grows exponentially. In particular, the mass-squared for φ, m 2 (φ), is more negative than for δφ because the latter is k 2 /a 2 +m 2 (φ) ≥ m 2 (φ) for all k-modes. As a result, although the growth of δφ is unstable, it is still slower than that of φ and we expect δφ/φ < O(1), as can been seen from the upper right panel of Fig. 4 . 3. k/aH ≫ 1 for the sub-horizon modes and k/aH ∼ O(1) for near-horizon modes.
4. Φ N,GR is the gravitational potential in general relativity, which should be much less than unity, and we could use Φ N ∼ O(10 −7 −10 −3 ) for conservative estimates.
α φ ∼ O(1).
For sub-horizon modes, taking k/aH ∼ 50 and Φ N,GR ∼ 10 −4 , we find that |∆/δ GR | ∼ O(10 −8 ) (the exact value, of course, depends on the values of φ, M and δφ), which is consistent with the numerical result shown in the lower right panel of Fig. 4 . For near horizon modes, on the other hand, k/aH ∼ O(1) and thus we have |∆/δ GR | ∼ O(10 −6 /Φ N,GR ), i.e., the very large scale growth of matter perturbation could be modified significantly and leave potentially observable signatures 1 if |Φ N,GR | 10 −6 . In the present paper, however, we will be primarily interested in the sub-horizon scales and neglecting the tachyonic instability is a reasonably good approximation.
In fact, a very accurate approximation for δϕ can be obtained by noticing thatφ satisfieṡ
while δφ is a solution of ) and the tachyonic modes are smaller than k 60H ⋆ , the first condition is satisfied. Moreover, the right-hand side is negligible provided δ ≪ δϕ. In this case δφ andφ satisfy the same equation provided δ is small compared to δφ φ0 . As a result we have [23] 
This approximation is numerically very accurate for all H ⋆ k 60H ⋆ as can be seen in Fig. 4 . Why does the exponential blow-up of δφ have small effects on the growth of matter perturbation? First, the rapid growth of δφ is associated with an even faster growth of φ and so the symmetron perturbation does not really enter the nonlinear regime (see upper right panel of Fig. 4 ). In the background cosmology, the blow-up of φ has not spoiled the matter dominated era, and certainly we should not expect an even slower perturbation growth to be too much problematic in the linear regime. Second, as mentioned many times above, the tachyonic period is very brief, thanks to the exponential growth of φ which quickly settles down into the non-tachyonic regime; as a result the blow-up of either φ or δφ simply cannot accumulate enough momentum to have big impacts on the structure formation.
The study of the structure formation of the symmetron model in nonlinear regime is beyond the scope of present paper and numerical simulations have been performed in [26] . Be aware that an accurate study of the tachyonic behaviour of the model will involve a very big simulation box (to include the near horizon scales) and the full temporal evolution of δφ, which is not achievable by known N -body simulations at present.
IV. STRUCTURE FORMATION IN THE ADIABATIC APPROXIMATION
Most of the sub-horizon scales are in the non-tachyonic regime while the symmetron field oscillates around the (moving) minimum of the effective potential. This means that the adiabatic approximation, where the scalar field (in background cosmology) always follows the minimum, provides a good description of perturbation theory. This has been verified by numerical simulations [26] . In this section we shall study the linear structure formation quantities in the symmetron model under the adiabatic approximation.
A. The Adiabatic approximation
In the adiabatic approximation, we neglect the effect of the short time period when the symmetron perturbation becomes tachyonic which, as we have seen, is justified. In this case we have
where θ(x) is the Heaviside function, and
The symmetron model is characterised by the dimensionless parameters z ⋆ , A 2 and α ⋆ determining the redshift at the transition
In terms of these parameters,
where Ω m0 H 2 0 = κ 2 4 ρ m0 /3. We already know that local tests of gravity require A 2 10 6 . For z ⋆ > 0 this implies that µ We defineφ(t) to be the value of the symmetron field in the cosmological background. The symmetron equation of motion and Einstein equation in the cosmological background reduce to
where ρ m (a) ∝ a −3 and ρ rad (a) ∝ a −4 . Because µ 2 ≫ H 2 today, one finds that in the cosmological background ρ φ ≪ρ m and in the adiabatic approximation the cosmological symmetronφ tracks the minimum of the effective potential, which is a cosmological attractor:
In terms of the redshift z, this becomes
Sinceρ φ is negligible, the background cosmological behaviour of the symmetron model is just the unmodified ΛCDM model with a cosmological constant Λ = κ 2 4 V 0 :
We define m(φ) =m(z) and α(φ) =ᾱ(z) in the cosmological background and then we have:
This allows one to study the growth of structure in the adiabatic approximation.
B. Linear Structure Formation
We assume that high density localised clumps of matter, e.g. galaxies, have ρ ≫ ρ ⋆ and therefore are effectively screened from the symmetron force. We define δ g (x, t) as the relative large scale coarse grained density perturbation in the galaxies, and δ m (x, t) to be the large scale (linear) density perturbation in the smooth cold dark matter. We work to linear order in δ g ≪ 1 and δ m ≪ 1. We defineδ g (k, t) andδ m (k, t) to be the Fourier transforms of the relative density perturbations.
Using the adiabatic approximation for the background evolution of the symmetron field, and taking p = − ln(1+ z), we have (see e.g. [25] ):
where ,p ≡ ∂/∂p, and
Galaxies are often used as observational tracers of the linear dark matter perturbation. The latter feels both gravity and the fifth force due to the symmetron coupling whilst the former only evolves under gravity. This is very similar to the chameleon and environmentally dependent dilaton scenarios [7, 8, [10] [11] [12] [13] . Working in the Fourier space, we have solved the relevant perturbation equations numerically to find the relevant quantities (for simplicity, in what follows we shall neglect the tilde ofδ g andδ m )
• The growth rate f gal = d(ln δ g )/d ln a.
• The slip function, Σ κm , measured by weak gravitational lensing.
• The slip function Σ κI measured by the integrated Sachs-Wolfe (ISW) effect.
• The indicator of modified gravity E G .
Let us first recall their definitions. In a modified gravity setting, there are two metric potentials Φ and Ψ:
In the symmetron model here, the absence of anisotropic stress implies
as in Eq. (61). Weak lensing is sensitive to Φ+Ψ while the ISW effect is proportional toΦ +Ψ. The slip functions are defined by
in which δ i is the primordial matter density perturbation (measured from the CMB), D GR is the growth factor in GR, δ m ≡ D GR δ i is the GR density contrast and f GR ≡ d ln D GR /d ln a is the GR growth rate. In the symmetron model δ m ≡ D m δ i and so
where we have defined
We also define the linear, bias corrected, growth rate for the galaxies. This is defined by assuming that
where δ i is the initial Gaussian perturbation, D bc gal is the bias corrected growth factor for galaxies, and the zero mode ∆ 0 is the source of the bias. We then define the bias corrected galaxy density contrast as
where the linear bias is defined by
∆ 0 and hence the linear bias b lin can be estimated directly from galaxy surveys using higher order statistics. We also define the bias corrected galaxy growth rate as
In the absence of any deviations from GR, f
, and Σ κm = Σ κI = 1. However in the symmetron model, the symmetron fifth force could result in deviations from these GR results.
Finally, we consider the modified gravity sensitivity parameter defined by 
The quantities f gal , Σ κm , Σ κI and E G could give us a feeling about how much the symmetron predictions deviate from the predictions made in General Relativity. We find that these quantities depend on the redshift, z, the dimensionless spatial scale parameter q ≡ |k|/A Recall that z ⋆ is the redshift at which the symmetron mediated fifth force turns on, and α ⋆ is the relative strength of this extra force to that of gravity at late times (i.e., (1 + z) ≪ (1 + z ⋆ )) and on large scales.
C. Numerical results
Figs. 5 and 6 show f gal , Σ κm , Σ κI and E G with z ⋆ = 2 and z ⋆ = 5 respectively. In both figures we have taken α ⋆ = 1 and Ω m0 = 0.27. Local tests of gravity only constrain A 2 10 5 -10 6 which sets the spatial scale below which the modification of gravity is apparent. It is clear from the figures that there are regions of the allowed parameter space where the modifications to gravity are potentially large. However, with A 2 ≈ 10 6 , modification to structure formation occur on and below Mpc scales, and on these scales the linear perturbation approximation breaks down at late times. As with the environmentally dependent dilaton model [14, 15] , we expect the onset of nonlinear structure to suppress the fifth force giving a weaker observational signal, and this is confirmed in [26] . However, unlike the dilaton model, the redshift at which gravity deviates from GR, z ⋆ , is a free parameter and if this occurs early enough then structure will still be linear on Mpc scales and the linearised approximation will hold and non-negligible changes to structure formation could occur. We will consider possible observational constraints in the future.
V. SUMMARY AND CONCLUSIONS
In this paper we have studied the background cosmology and the evolution of linear perturbations for the symmetron model. The model utilises the so-called symmetron mechanism to suppress the fifth force mediated by the scalar symmetron field in regions with high matter density to evade the local gravity constraints. In the regions with low matter density, the fifth force is unsuppressed, which could have significant consequences on the cosmic structure formation.
The symmetron mechanism works because the effective potential V eff (φ), which governs the evolution of φ, depends explicitly on the local matter density. If the matter density is high, the potential has a global minimum at φ = 0 about which it is symmetric; then because the coupling strength of the symmetron field to matter is proportional to φ, the coupling vanishes and so does the fifth force. When the matter density drops below some critical value ρ ⋆ , the symmetry of the potential is broken and the minimum of V eff moves aways from φ = 0; because the scalar field tries to track that minimum, the coupling becomes nonzero and so does the fifth force. When inhomogeneous matter distribution is considered, it is possible that the symmetry in V eff is broken in a region, but later the matter density in that region exceeds ρ ⋆ again because of the structure formation process, and the symmetry is restored so that the fifth force vanishes again. Obviously such a phenomenon is quite nontrivial to study.
We have studied the behaviour of the symmetron field in background cosmology, when the symmetry breaking happens in the matter dominated era. We have found that immediately after the symmetry breaking, the symmetron field lags behind its effective potential minimum and therefore has a negative mass-squared. This implies that it will experience a tachyonic period during which both the field and its perturbation grow exponentially. However this period is fairly short and the symmetron field will then quickly settle down to the (moving) minimum of V eff , where it oscillates. We find analytical solutions to these different phases and show that they agree quite well with numerical results.
We have then investigated the general behaviour of the linear perturbations in the symmetron model. The symmetron perturbations have an effective mass-squared k 2 /a 2 + m 2 (φ), in which k is the wavenumber of the perturbation and m(φ) is the mass of the background symmetron field. On very small scales, k 2 /a 2 + m 2 (φ) > 0 even if m 2 < 0, and there is no tachyonic instability. In this case we notice that the growth of matter perturbation is governed by an enhanced Newton constant which is G = (1 + α)G N when the size of the perturbation is smaller than the Compton radius of the symmetron field (which means that the perturbation is within the reach of the fifth force), while it is the same as in GR if the perturbation is bigger than the Compton radius.
On larger scales it is possible that k 2 /a 2 + m 2 (φ) < 0 given that m 2 < 0 and the symmetron perturbation will experience the tachyonic growth, which naively could be a problem as it would mean that everything blows up. We find, however, that the tachyonic behaviour does not affect the growth of matter perturbation significantly, at least on sub-horizon scales. The reason is that the tachyonic period is so short that the even faster growth of φ itself has negligible effect in cosmology, let alone that of δφ. This conclusion has been confirmed by our numerical results.
Finally, we have studied the structure formation in the linear regime under the adiabatic approximation, i.e., assuming that the scalar field always tracks the minimum of its effective potential. Our result shows that, depending on the redshift z ⋆ of the symmetry breaking, the effect of the fifth force on the large-scale structure could be important. If z ⋆ is big, then the symmetry breaking happens at earlier times when the matter perturbations are well described by the linear theory and our analysis gives accurate result. In such cases we find that the fifth force comes into effect fairly early and we expect bigger deviations from the ΛCDM model predictions. If z ⋆ is small, then the fifth force takes effect quite late, when matter perturbations have already entered the nonlinear regime. In such cases the linear theory is no longer accurate and better results can only be obtained using nonlinear numerical simulations [26] .
To summarise, the symmetron mechanism is shown to work very successfully to suppress the fifth force to an undetectable level in our solar system, while still allow nonnegligible effects to be found in the cosmological structure formation process. This is very important for the study of dark energy, because it means that one has to look at the small scales (relevant for galaxies and galaxy clusters) to find the implications of a theory which is supposed to modify cosmology on the very largest scales. Full constraint of the symmetron theory parameters will be studied in the future.
Notes added: After this work had been completed, we noticed Ref. [24] on arXiv which also contained an investigation of the background cosmology in the symmetron model. Our work mainly focus on the linear perturbation growth in the model, and is thus different from Ref. [24] . A separate work, Ref. [26] , concentrates on the structure formation of the symmetron model in the nonlinear regime.
